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Atmospheric and space launch stage separation depends on the aerodynamic interference between separating

bodies. Quick means of estimating and controlling repulsion or attraction lift associated with this interaction are an

important enabling technology to achieve the best compromise between launch separation rocket motor weight and

safe staging. Asymptoticmethods, scattering, and slender-body theories are used to obtain systematic approximation

schemes that advantageously couple with computational methods. Theoretical solutions for the lift interference

between two bodies in supersonic flow agree well with numerical solutions. The theory sheds light on important

scattering phenomena not previously recognized as relevant to this problem. The analysis helps to identify lumped

dimensionless parameters and provides scaling laws as well as closed-form expressions for the interference not

accessible solely from computations. These results can be used for interpolation and extrapolation of computational

fluid dynamics solutions as well as efficient testing and design of flight vehicles.

Nomenclature

A = cross-sectional body area
a = body radius
CL = integral lift coefficient
cL = local lift coefficient
h = vertical distance between bodies’ axes
L = lift force
l = body length
ln = body nose length
M = Mach number
p = pressure
T = temperature
u, v, w = velocity components
x, y, z = Cartesian coordinates
x0 = streamwise distance from the nose tip to the point

where shock crosses the body axis
� = induced angle of attack
" = characteristic flow deflection
� = density
� = perturbation potential

I. Introduction

M ULTIBODY aerodynamics and flow control are critically
important aspects of high-speed flight vehicles. The latter

includes transatmospheric vehicle concepts that will skip outside and
inside the Earth’s atmospheric layers to obtain global cross-range
capability. Besides lift-to-drag ratio, the fuel-weight fraction is a
metric that needs to be optimized to meet this requirement. In launch

applications, overly conservative sizing of stage separation rocket
motors adversely influences this weight fraction and reduces
payload. The correctness of tradeoff decisions that deal with these
factors depends on our understanding of the fluid dynamics relevant
to the multibody interaction. Although this problem has received
much attention as exemplified by [1–4], more effort is needed to
understand the underlying basic physics and essential parameters.

Experimental studies [5–8] do not cover all cases of this multi-
parametric problem. They, however, provide useful data sets for
verification of theoretical, semiempirical, and computational tools.
Computationalfluid dynamics (CFD) has been themain approach for
the aerospace engineer and designer in obtaining aerodynamic
characteristics of multibody configurations [9–12]. Yet, despite the
power of CFD, challenges still exist to predict drag, lift, and other
quantities rapidly enough for conceptual design. Typical CFD
calculations require significant amounts of preprocessing, a large
portion of which involves grid generation. Conceptual design
optimization also requires the study of hundreds to thousands of
parametric variations as well as the interplay of physical intuition
and compromises based on aerodynamic reasoning and systems’
impacts. In this connection, it is reasonable to apply a combined
asymptotic and numerical approach, which simplifies the problem,
reduces the dimensionality of the independent variable and
parameter space, and provides insight for the gridding and zonal
decompositions [13]. Furthermore, theory can facilitate interpolation
between computational solutions.

The general mathematical ideas and key unit problems associated
with aerodynamics of two bodies interacting in a supersonic flow
were discussed in [14]. The linear supersonic slender-body theory
provides a coherent picture of the wave train occurring between two
bodies of revolution. Significant interference pressure and drag were
obtained to dominant orderwhereas lift and pitchingmomentwere of
higher order. Nevertheless, the latter are of critical importance for
predicting of the body separation process.

The lift and pitching moment are associated with local scattering
of shock waves induced by interacting bodies. Detailed theoretical
analysis of multiple shock-wave scatterings for the wedge–slender-
body configuration was conducted in [15]. The problem was
analyzed using the slender-body theory with the ratio of the body
radius to the separation distance being treated as a small parameter.
The linear form of Prandtl–Glauert equation for the perturbation
velocity potential was used formodeling of the disturbanceflowfield.
An initial boundary value problem for the impingement of a
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wedge-induced shock on a cylindrical body surfacewas solved using
transform calculus. The shock wave was expressed as a sum of
elementary waves that are similar to plane acoustic waves interacting
with the cylinder surface. This similarity helped to use methods
of scattering theory and obtain an analytical solution providing
distributions of the local lift coefficient along the cylinder axis aswell
as the total lift coefficient. The theoretical results agree well with
corresponding numerical solutions of three-dimensional Euler
equations and with experiment [6]. For example, the difference
between the experimental lift distribution (measured on the blunt-
base parabolic body of revolution in the flowfield induced by a
circular-arcwing in theMach� 2 freestream) and the theoretical one
is less than 10%, despite the fact that the body radius varies in the
interaction region and the wing thickness is not very small [15].

In this paper, the interference between two bodies of revolution is
treated with emphasis on the lift force. The cross-sectional shape of
both bodies is a function of the axial coordinate, that is, each of the
bodies generates flow disturbances with appreciable streamwise
variations over the body length. The problem is analyzed using two
essentially different approaches. The first is based on the shock wave
scattering theory and provides a local solution, which is an extension
of the theoretical model [15] to the case of two-body interaction
(Sec. II). The second uses asymptotic methods and the basic idea of
slender-body theory: replace bodies by distributions of sources and
doublets (Sec. III). These two approaches supplement each other: the
first clarifies flow details in local regions associated with rapid
changes of the incoming (parent-body-induced) flowfield near the
parasite body whereas the second provides a global structure of
the lift distribution. The lift coefficients resulted from the local and
global solutions are compared with the Euler CFD prediction. In
Sec. IV, the global solution is applied to the body–wedge interaction.

II. Lift Due to Two-Body Interaction Predicted
by Local Analysis

Consider a two-body configuration in a supersonic freestream
(Fig. 1). Each of the bodies has the length l� and a sharp nose that
is smoothly matched with a cylindrical afterbody of radius a�.
Hereinafter, asterisks denote dimensional quantities. It is assumed
that the body nose length is l�n �O�l�� and the body thickness ratio is
small, "� a�=l� � 1. The distance h� between bodies is assumed to
be large compared with the afterbody radius a�. The nondimensional
coordinates are �x; y; z� � �x�; y�; z��=l�. The flow velocity and
density are made dimensionless using their freestream quantitiesU�1
and ��1, the pressure is normalized by ��1U

�2
1.

The first (parent) body generates a conical disturbance that is
scattered by the second (parasite) body surface. Our objective is to
predict the local cL and integral CL lift coefficients defined as

cL�x�� �
2l�

��1U
�2
1�a

�2
dL�

dx�

CL�x�� �
2L��x��

��1U
�2
1�a

�2 �
1

l�

Z
x�

0

cL�x��dx� (1)

where L� is the lift force directed along the y axis.

A. Theoretical Analysis

The parent body of cross-sectional area A�x� induces the flow
potential [16,17]

��� 1

2�

Z
x

0

H�x � �r � ��A0���d���������������������������������
�x � ��2 � �2r2

p (2)

where r�
����������������
y2 � z2

p
is radial coordinate, ��

�����������������
M2
1 � 1

p
, andH�x�

is Heaviside function. The Laplace transform vs x

Lp	�
 � ���p; y; z� �
Z 1
0

�e�pxdx (3)
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����S�p�Lp
�
H�x � �r���������������������
x2 � �2r2

p �
; S�p� � Lp

�
1

2�
A0�x�

�
(4)

Because the function H�x � �r�=
��������������������
x2 � �2r2

p
has the Laplace

transform K0��pr�, where K0 is a modified Bessel function [18],
Eq. (4) can be written in the form

����S�p�K0��rp� (5)

The inverse Laplace transform of Eq. (5) gives

�� L�1p 	 ��
 �
1

2�i

Z
c�i1

c�i1
	�S�p�K0��rp�
epxdp (6)

The parent-body induced disturbances radiate a cylindrical part of
the parasite body as schematically shown in Fig. 1. In accord with
Eq. (6), the parasite body feels disturbances with the Laplace
components in Eq. (5) at r� h� Y, where Y is measured from the
parasite-body axis. In the case of h� a, the argument s� �pr is
large and the modified Bessel functionK0�s� is approximated by the
asymptotic expansion [14]

K0�s� �
�����
�

2s

r
e�s	1�O�s�1�
 (7)

Then, Eq. (5) is expressed as

���p; y; z�epx ��S�p�
������������
�

2p�h

r
ep�x��h��Y�	1�O��p�h��1�


r� h� Y (8)

With the substitution of variables p� i� and k� ��, Eq. (8) is
expressed in the plane wave form

���p; y; z�epx � B��; h�ei�x�ikY 	1�O��kh��1�
 (9)

B��; h� � �S�i��
����������
�

2ikh

r
e�ikh (10)

Equation (9) indicates that the parasite body scatters incoming
planewaves of amplitudes in Eq. (10). As shown in [15], the local lift
coefficient induced by a plane wave of amplitude B� 1 is

�c L��� � �
8i�

�ka2H�2�01 �ka�
(11)

whereH�2�1 is Hankel functions of the second kind [18]. Multiplying
Eq. (11) by the amplitude in Eq. (10) and integrating over the entire
spectrum of incoming waves one can obtain

cL�x; h; a; �� �
1

2�

Z �1�ic
�1�ic

S�i��
����������
�

2ikh

r
8i�

�ka2H�2�01 �ka�
ei�x�ikhd�

(12)

With the new variables ~k� �a� and ~x� 	x � ��h � a�
=��a�,
where ~x� 0 corresponds to the point at which the leading-edge
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Fig. 1 Schematics of the two-body configuration.
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shock crosses the parasite-body surface (Fig. 1), the local lift
coefficient in Eq. (12) is expressed as

cL� ~x; h; a; ��

� 8

��2a3

������
�a

2h

r �
1

2�

Z �1�ic
�1�ic

�����
1

i ~k

r
S�i ~k=�a�
H�2�01 � ~k�

ie�i
~kei

~k ~xd ~k

�
(13)

With the substitution ~k��i ~p this relation is written as the inverse
Laplace transform

cL� ~x; h; a; �� �
8

��2a3

������
�a

2h

r
L�1~p

�
iS� ~p=�a�

~p1=2H�2�01 ��i ~p�
e� ~p

�
(14)

Integration of Eq. (14) over the parasite-body length leads to the
integral lift coefficient

CL �
Z
cL�x�dx�

8

�a2�

������
�a

2h

r
L�1~p

�
iS� ~p=�a�

~p3=2H�2�01 ��i ~p�
e� ~p

�
(15)

B. Cylindrical Body with a Sharp Nose

As an example, consider the parent body comprising a cylindrical
afterbody and a sharp nose of the shape shown in Fig. 2

rb�x� � a sin
�
�

2

x

ln

�
; 0< x < ln (16)

The parasite body has the same radius a of its cylindrical part.
Substitution of the nose cross-sectional area A�x� � �r2b�x� into
Eq. (4) gives

S� ~p=�a� � a
2

2

�
1

2
���a=ln�2

1� e� ~pln=�a

~p2 � ���a=ln�2
�

(17)

Using the normalized nose length �ln � ln=��a�, Eq. (17) is
expressed in the form

S� ~p=�a� � a
2

2
Q� ~p; �ln�; Q� ~p; �ln� �

1

2
��=�ln�2

1� e� ~p�ln

~p2 � ��= �ln�2
(18)

Substitution of Eq. (18) into Eqs. (14) and (15) leads to the local lift
coefficient

cL� ~x; h; �; a; �ln� �
������
�a

2h

r
4

��2a
G0� ~x; �ln�

G0� ~x; �ln� � L�1~p
�

iQ� ~p; �ln�
~p1=2H�2�01 ��i ~p�

e� ~p

�
(19)

and the integral lift coefficient

CL� ~x; h; �; a; �ln� �
4

��

������
�a

2h

r
I0� ~x; �ln�

I0� ~x; �ln� � L�1~p
�

iQ� ~p; �ln�
~p3=2H�2�01 ��i ~p�

e� ~p

�
(20)

The functions G0� ~x; �ln� and I0� ~x; �ln� can be calculated once and

for all. They are shown in Figs. 3–6 for �ln � 2, 4, 6, and 8,
respectively.

The integral lift coefficient CL� ~x� ! 0 as ~x!1. This is con-
firmed by considering Eq. (20) for small ~p

Q� ~p; �ln� !
1

2
��=�ln�2; H�2�01 ��i ~p� ! �i

2

� ~p2
; ~p! 0

(21)

that gives

I0� ~x; �ln� �
�

4
��=�ln�2L�1~p

�
1

~p1=2
e� ~p

�

� �
4
��=�ln�2

1������������������
�� ~x � 1�

p ! 0 as ~x!1 (22)

Thus, the total lift induced by the first scattering is zero. As shown
in [15], the second and higher scatterings also give zero contributions
in the total lift. However, this limit is achieved for quite large ~x. For
the nose length �ln � 2 (l�n � 2�a�) the function I0� ~x; �ln� vanishes for
~x > 10 corresponding to x� � �h� > 9�a� (Fig. 3). For all cases
shown in Figs. 3–6, the lift force is cumulated over a length larger
than 2l�n. This indicates that the lift due to scattering is distributed
rather than local. It can be treated as local (in units of the body length
l�) in the case of l�n � l� that seems to be of low practical interest. To
emphasize this feature wewill consider in the next section the parent
body of a sharp cone shape.

C. Sharp Cone

If the parent body is a sharp cone of cross-sectional area
A�x� � "2�x2, then S�p� � "2=p2. In this case, the local and integral
lift coefficients are expressed as

0 1 2 3 4 5 6 7 8 9 10
0

1

2

r b
 /a

x/a
Fig. 2 Parent-body radius rb=a as a function of x=a, nose length ln � 5a.
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Fig. 3 Functions G0�~x; �ln� and I0�~x; �ln� for �ln � 2.
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cL� ~x; h; a; �� � "2
������
�a

2h

r
8

�a
G0� ~x�

G0� ~x� � L�1~p
�

i

~p2 ~p1=2H�2�01 ��i ~p�
e� ~p

�
(23)

CL � "2
8�

�

������
�a
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r
I0� ~x�; I0� ~x� � L�1~p

�
i

~p2 ~p3=2H�2�01 ��i ~p�
e� ~p

�
(24)

Using expansion of �I0� ~p� for small ~p and taking the inverse
Laplace transform, we obtain an asymptotic behavior of I0� ~x�

I0� ~x� � L�1~p
�
�

2

e� ~p

~p3=2

�
�

������������������
�� ~x � 1�

p
; ~x!1 (25)

The functions G0� ~x� and I0� ~x� are shown in Figs. 7 and 8. The
function I0� ~x� quickly tends to its asymptotic form in Eq. (25). The
lift force induced by a sharp conegrowsmonotonicallywith ~x. This is
contrasted to the wedge–cylinder interaction [15] for which the lift
force tends to a finite value as ~x!1 (it is cumulated over a finite
length �5a).

D. Comparison with Euler CFD Solutions

To estimate accuracy of the leading-order asymptotic solution,
CFDmodeling of the two-body interaction has been performed using
three-dimensional Euler equations. Numerical solutions were

obtained using an implicit finite-volume method. The governing
equations are approximated by a conservative scheme. The flux
vector is evaluated by an upwind flux-difference splitting [19]. The
MUSCL algorithm is applied with the third-order total variation
diminishing space discretization [20]. The time marching is
proceeded until a steady-state solution sets in. The computational
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Fig. 4 Functions G0�~x; �ln� and I0�~x; �ln� for �ln � 4.
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grid had a cylindrical configuration with 180 cells in the x direction,
120 cells in the radial direction, and 110 cells in the azimuth direc-
tion (the total number of grid nodes is approximately 2:3 
 106).
Computationswithfiner grids (each of themhad a doubled number of
nodes in one of three dimensions) showed that the difference between
solutions is less than 1.5% for typical cases discussed hereafter.

Calculations were carried out for the freestream Mach number
M1 � 2 and specific heat ratio � � 1:4. The interacting bodies have
identical shapes. The vertical distance between their axes is h� 16a.
This configuration is equivalent to a single body located over a
reflection plane at a distance h=2 (Fig. 9). The body nose of length
ln � 18a has the shape rb � a sin��x=2ln�, 0 � x � ln. Near the
nose tip x! 0 the apex half-angle is �� 5 deg.

Figure 9 shows the computational domain. Conditions on the
inflow boundary correspond to the unperturbed freestream. On the
top and right-side boundaries, nonreflection conditions are imposed
to minimize effects of these boundaries on numerical solutions. On
the left-side and bottom boundaries, the flow symmetry conditions
are used. On the outflow, the linear extrapolation condition
is imposed. The distance from the bottom boundary to the body axis
is h=2� 8a, the distance from the body axis to the top boundary is
Hy � 35a, and the distance from the body axis to the right boundary
isHz � 35a. The longitudinal length of the computational domain is
Lx � 45a.With these parameters the computational domain includes
the first-scattering region that is located downstream from the point

x0 � �h � a�
����������������
M2 � 1
p

� 26a and has the characteristic length ��
10�a� 17a.

The static pressure contours in the symmetry plane (Fig. 10)
indicate that the body nose induces a conical bow shock. Behind this
shock a high-pressure region is followed by a low-pressure region.
Reflection from the bottom boundary gives another set of pressure
disturbances. They propagate toward the body and interact with its
cylindrical surface. The CFD data were processed to obtain the lift
distribution associated with this interaction. The theory predicts
the initial point x0 � ��h � a� � 26a, at which the parent-body-
induced shock wave crosses the parasite-body surface, although the
CFD solution gives x0 � 25a. To compare the lift distributions, the
theoretical initial pointwas shifted to the CFD initial point. As shown
in Fig. 11 the theoretical distribution of cL�x� given byEq. (19) (solid
line) mimics the CFD distribution (symbols). The 18% discrepancy
between theory and numerical data can be reduced by considering
higher-order terms of the asymptotic approximation.

Note that the asymptotic solution of scattering problem provides
the local and integral lift coefficients in compact analytical forms.
This tremendously simplifies predictions of the lift during the
separation process. A combination of these results with the wave-
train solutions [14] providing the wave drag can be used for quick

estimates of aerodynamic loads on interacting bodies with low
computational cost.

III. Lift Due to Two-Body Interaction Predicted
by Global Analysis

A. Theoretical Analysis

If the parent body is a two-dimensional wing or it is a body of
revolution located at a vertical distance h� � l� from the parasite
body, then the latter is radiated by approximately (with accuracy
O�"2�) two-dimensional disturbances. In this case, it is feasible to
conduct an asymptotic analysis of the global problem associatedwith
the streamwise length scale�l� (notations are shown in Fig. 12). The
flow potential �� ��=�U�1l�� is expressed as a superposition of
the freestream potential, the parent-body-induced potential ’1, and
the parasite-body-induced potential ’2

��x; y; z� � x� "’1�x; y� � "2’2�x; r; �� � � � � (26)

In the vicinity of the parasite-body axis, the parent-body-induced
potential is expanded in Taylor series

@’1
@y
�x; "R cos �� � @’1

@y
�x; 0� � " @

2’1
@y2
�x; 0�R cos �� � � � (27)

where ���x� � @’1
@y
�x; 0� is the induced angle of attack ��x� � " ���x�.

In accord with the slender-body theory, the parasite body is replacedFig. 9 Computational domain.

Fig. 10 Static pressure field in the symmetry plane.
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Fig. 11 Comparison of the theoretical distribution of cL�x� (solid line)

with the Euler CFD solution (symbols); M1 � 2, h� 16a, ln � 18a.
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by distributions of sources and doublets along the body axis. Then
the radial velocity in the body vicinity is approximated as

@’2
@r
’ f�x�

2�r
� 	�x�

2�r2
cos �; r! 0 (28)

Calculating the normal velocity vn on the parasite-body surface
and satisfying the boundary condition vn � 0, one can obtain
intensities of sources f�x� and doublets 	�x�. In the leading-order
approximation, an asymmetric part of the pressure coefficient, which
contributes to the lift, is CP;L � 2"2 cos �	 ���x�R2

2�x�
0. Integration of
CP;L over the body surface gives the axial distribution of lift
coefficient

CL�x� �
L��x�

1
2
��1U

�2
1S
�
max

� 2

Z
x

0

��x�A02�x�dx� 4

Z
x

0

�0�x�A2�x�dx

0< x< 1 (29)

where x� x�=l�, and A2�x� � �R�22 �x�=A�2;max is the cross-sectional
area referenced to its maximum value. The first term in Eq. (29) is
associated with the body shape variation A02�x� ≠ 0, whereas the
second is related to axial variations of the induced angle of attack
�0�x� ≠ 0. For uniform flow of constant angle of attack �0 � 0
Eq. (29) specializes to the classic formula of slender-body theory.
Note that Eq. (29) agreeswith the early results [6,21] derivedusing an
inductive rather than the foregoing deductive asymptotic approach.
In contrast to the former, the latter framework provides a foundation
of systematic accuracy refinement.

The induced angle of attack ��x� is calculated as follows. The
nondimensional potential induced by the parent body is

�1�X; Y; Z� �
��1
U�1l

� � �
1

2�

Z
X��r

0

A01���d����������������������������������
�X � ��2 � �2r2

p
r2 � Y2 � Z2 (30)

A1��� � �R2
1���; A01��� � 2�R1���R01��� (31)

In the symmetry plane Z� 0, the induced vertical velocity is
expressed as

v�Y;X� � v�

U�1
� @�1
@Y
�X;Y;0��� 1

2�

Z
X��Y

0

�2YA01���d�
	�X� ��2��2Y2
3=2

X>�Y (32)

On the parasite-body axis Y � h where pv is the principle value

v�h; X� � � 1

2�
pv

Z
X��h

0

�2hA01���d�
	�X � ��2 � �2h2
3=2 ; X > �h (33)

Accounting for Eq. (31) and using the approximation �� v, one
can get

��h; X� � ��2h pv
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Here the principle value of integral is expressed as
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where the nonsingular integral I0 is calculated numerically.

B. Comparison with Euler CFD and Local Solutions

Results of the global analysis were compared with the Euler CFD
solutions discussed in Sec. II.D and with the local solution of
scattering theory (Sec. II.B). At first consider the case when the
parent-body disturbance interacts with the cylindrical part of the
parasite body. Because A2�x� � 1 and A02�x� � 0 in the interaction
region, the global solution in Eq. (29) gives CL�x� � 4��x�, where
the induced angle of attack ��x� is calculated using the far-field
asymptotic of the slender-body theory solution for the parent body.
Figure 13 compares the theoretical distributions of CL�x� with the
numerical data.

The global solution in Eq. (29) can be used for quick evaluation of
the lift for different relative distances between the interacting bodies.
As an example, Fig. 14 shows the normalized lift coefficient GL �
CL;total="

2 as a function of x0: the streamwise distance from the
parasite-body tip to the point where the parent-body-induced shock
crosses the parasite-body axis (Fig. 12). In this case, Eq. (29) is
expressed as

CL;total�x0� � 2

Z
l

x0

��x�A02�x�dx� 4

Z
l

x0

�0�x�A�x�2dx

� 4��l�A2�l� � 2

Z
l

x0

��x�A02�x�dx (36)

For large and positive x0, when the parent-body-induced shock
impinges on the cylindrical part of the parasite body, the total lift is
zero in accord with the scattering theory. In the range�0:3< x0 < 1,
the shock interacts with the parasite-body nose and induces a
negative lift, that is the parent body attracts the parasite body. As x0
decreases further, the shock does not cross the parasite-body surface
and the lift changes its sign, that is the parent body repels the parasite
body. Such a nontrivial behavior of the lift may lead to intricate
trajectories of the parasite body during separation.

The theoretical solution in Eq. (15) of the scattering problem
allows us to identify governing dimensionless parameters and
formulate the scaling law
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Fig. 12 Interference of two slender bodies in supersonic flow.
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(37)

To illustrate the robustness of this scaling, parametric calculations
of the normalized lift coefficient distributions GL�x0� � CL;total="2
were performed at different vertical distances h between two iden-
tical bodies (Fig. 15) and different Mach numbers M1 (Fig. 16).
These dependencies quickly collapse to a universal curve as h and/or
M1 increases. The discrepancy is less than 10% for h > 1 in Fig. 15
and forM> 2 in Fig. 16. Thus, the scaling in Eq. (37) can be used for
interpolation/extrapolation of CFD solutions and diminishing of
the computational effort that is important for quick assessments of
aerodynamic coefficients at various time moments during the sepa-
ration process.

IV. Interaction of a Slender-Body of Revolution
with 2-D Wing

The global analysis of Sec. III holds for the case when a slender
body of revolution (parasite body) separates from a 2-Dwing (parent
body). As an example consider the body–wedge configuration sche-
matically shown in Fig. 17. The wedge-induced shock impinges on
the body surface and generates the lift. If the shock crosses the
cylindrical body part, then the solution Eq. [15] of scattering problem
provides distribution of the local lift and predicts the total lift

CL;total � 4", where " is the wedge slope. In this case, the global
solution in Eq. (29) gives

CL�x� � 4

Z
x

0

�0�x�A2�x�dx� 4"H�x � x0� (38)

where x0 is the streamwise coordinate of the shock-body crossing
(Fig. 17) and predicts the same total lift CL;total � 4". Note that the
local solution [15] of scattering theory provides the inner structure of
shock-body interaction, whereas the global solution ignores these
details.

The global solution in Eq. (29) is also applicable to the case when
the wedge-induced shock impinges on the body nose having a
variable cross-sectional area or passes ahead of the body nose. This
allows us to calculate the total lift coefficient at different x0. Similar
calculations were carried out using a 3-D Euler solver for the
freestream Mach number M1 � 2. The computational domain is
shown in Fig. 17. A sharp wedge of 2 deg half-angle is located on the
upper boundary. The body nose has the length ln � 20a and radius
rb � a sin��x=2ln�, 0 � x � ln. CFD solutions were obtained in a
wide range of the wedge-induced shock locus x0. Figure 18 shows
examples of the static pressure field in the symmetry plane for
different x0. The total lift coefficients were calculated using these
numerical solutions and compared with the theoretical solution in
Eq. (29) and Fig. 19. When the body is completely behind the shock
(x0 < 0), the lift is associated with the wedge-induced upwash, and
the lift coefficient is given by the classic formulaCL � 2�. When the
shock crosses the cylindrical afterbody (x0 > ln, Fig. 18a), the lift is
due to the shock scattering, and the lift coefficient is CL � 4� in
accord with Eq. (38). In between (0< x0 < ln, Fig. 18b) the shock
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crosses the body nose, and bothmechanisms contribute to the lift. For
all cases, the theoretical solution agrees with numerical data within
the relative accuracy about 10%. The discrepancy can be reduced by
considering the higher-order terms of the asymptotic approximation.

V. Conclusions

The lift due to the interaction between two slender bodies of
revolution in a supersonic flow has been analyzed using the linear
scattering theory and asymptotic methods. A leading-order asymp-
totic solution of the scattering problemprovides the local and integral
lift (acting on the parasite body) in compact analytical forms. These
solutions agree satisfactorily with 3-D Euler CFD solutions obtained
for two identical bodies in the Mach� 2 freestream. The theory
tremendously simplifies predictions of the lift force during the
separation process. A combination of these results with the wave-
train solutions [14] developed for thewave drag can be used for quick
estimates of aerodynamic loads on interacting bodies with very low
computational cost.

The lift coefficient was also obtained with the help of global
analysis in which the parasite body is replaced by distributions of
sources and doublets along the body axis. The analytical expression
for the lift coefficient agrees with the early results [21], which were
derived using an inductive rather than the discussed herein deductive
asymptotic approach. In contrast to the former, the latter provides a
foundation of systematic accuracy refinements. Even more impor-

tant, we showed an analytical connection to the unit scattering
problem, which to our knowledge was not previously elucidated. It
was demonstrated that the results of global analysis agree with the
Euler CFD solutions andwith the local solutions of scattering theory.
The global solution can be used for quick estimates of the lift for
different relative locations of the interacting bodies.

The theoretical analysis provides governing dimensionless param-
eters and a scaling law. Using this scaling it is feasible to interpolate/
extrapolate CFD solutions and diminish the computational cost that
is important for quick assessments of aerodynamic coefficients at
various instants of the separation process.

The global analysis was also applied to the body-wing config-
uration. The theoretical lift coefficient agrees with 10% accuracy
with the Euler CFD solutions for a slender body having the nose
length �20 body radii.
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